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a b s t r a c t

This paper proposed a neural network (NN) metamodeling method to generate the cycle time (CT)–
throughput (TH) profiles for single/multi-product manufacturing environments. Such CT–TH profiles
illustrate the trade-off relationship between CT and TH, the two critical performance measures, and
hence provide a comprehensive performance evaluation of a manufacturing system. The proposed meth-
ods distinct from the existing NN metamodeling work in three major aspects: First, instead of treating an
NN as a black box, the geometry of NN is examined and utilized; second, a progressive model-fitting
strategy is developed to obtain the simplest-structured NN that is adequate to capture the CT–TH rela-
tionship; third, an experiment design method, particularly suitable to NN modeling, is developed to
sequentially collect simulation data for the efficient estimation of the NN models.

� 2010 Elsevier B.V. All rights reserved.

1. Introduction

This paper is concerned with the steady-state performance
modeling of a single/multi-product manufacturing system. The
performance metrics of primary interest are the throughput (TH)
and manufacturing cycle time (CT). TH is defined as the rate at
which entities are processed by the system, and CT refers to the
time it takes an entity to traverse the system (Hopp, 2007). The
trade-off relationship between CT and TH, which is the subject of
this paper, has long been recognized to provide a comprehensive
performance profile of a manufacturing system (Atherton and Day-
hoff, 1986; Hopp and Spearman, 2008). Decision makers can use
such CT–TH profiles to compare the manufacturing efficiency of
different system configurations (defined in terms of the number
of equipments, number of operators, etc.), and hence improve the
managerial decisions such as long-term capacity expansion and
staffing. Fig. 1 gives an example of CT–TH profiles for single-prod-
uct systems; each curve describes the performance of a different
system configuration. We refer the interested readers to Spence
and Welter (1987) for discussions of selecting the best system con-
figuration among different scenarios based on their CT–TH profiles.

Because of the critical role played by CT–TH profiles in charac-
terizing system performance, substantial research effort has been
devoted to quantifying this trade-off relationship for manufactur-
ing systems. The majority of existing methods can be divided into
two categories: queueing theory and computer simulation. A
recent review of queueing models for manufacturing systems is

given in Shantikumar et al. (2007), which includes Whitt (1983),
Bitran and Tirupati (1988), Chen et al. (1988), Mitrani and Puhalskii
(1993), Connors et al. (1996), Morrison and Martin (2007), etc.
Queueing models, though fast and easy to use, rely on restrictive
assumptions and may not be able to accurately capture the
CT–TH relationship for real complex systems. Discrete event simu-
lation, on the other hand, is an alternative approach which can in-
clude any details that are important to the system. Because of its
high fidelity and flexibility, and increasingly also because of its
ease of use, simulation has become an essential tool for decision
making in manufacturing, which is especially true in the semicon-
ductor industry (see, for instance Schömig and Fowler, 2000), the
motivating application for this research. However, simulation
may be very time-consuming to run: models of complex manufac-
turing systems may take several hours for a single replication
(Fowler and Rose, 2004). Moreover, simulation merely provides a
means to evaluate the CT of entities with given input parameters,
which includes the system configurations as well as the TH (equiv-
alent to the release rate of entities into the system in steady-state);
that is, a simulation run can only provide an estimated point in the
CT–TH performance space, and plus, many replications may be re-
quired to achieve a good estimation. Hence, simulation, by itself, is
a clumsy tool to explore the CT–TH relationship, and the computa-
tional cost involved may well hinder the decision makers from
adequately considering the trade-off characteristics of system
performance.

Aiming at overcoming the major drawbacks of queueing meth-
ods and computer simulation, the author and her co-authors (Yang
et al., 2007, accepted for publication) recently proposed a meta-
modeling approach for the efficient generation of CT–TH profiles.
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A metamodel, which takes the form of polynomial regressions,
splines, etc., is a mathematical approximation of the quantitative
relationship implied by the simulation. Metamodeling techniques
refer to the integration of computer simulation and response sur-
face modeling (Chapter 18, Henderson and Nelson, 2006). Specifi-
cally, to metamodel the CT–TH profiles (TH and CT) data pairs
will first be collected by running a selected set of simulation exper-
iments; based on the data, statistical methods will be used to fit a
metamodel representing the CT–TH relationship. The resulting
metamodel is a mathematical function like that provided by a trac-
table queueing model while possessing the high fidelity of simula-
tion. Efficient metamodeling of the CT–TH profiles is not easy due
to the special features of the performance surfaces; this has been
illustrated in Yang et al. (2007, accepted for publication) and will
be reiterated where appropriate in this paper. Assuming a single-
product environment, Yang et al. (2007) developed a metamodel-
ing procedure to generate CT–TH curves (Fig. 1). Built upon and
substantially extended beyond the previous work, Yang et al.
(accepted for publication) characterized the CT–TH surfaces for
multi-product systems where TH refers to the throughput vector
with each element representing the output rate of a certain type
of products. In both papers, traditional nonlinear regression meta-
models were adopted for the CT–TH profiles. Although demon-
strated effective through extensive empirical evaluation, the
methods developed in these works have two shortcomings:

� The traditional regression-based metamodeling involves
very sophisticated experiment design and nonlinear fitting
strategies, and hence is difficult to implement in industry.

� The nonlinear regression models fall short in capturing the
CT–TH surfaces over a relatively wide range of TH input. This
will become clearer in Section 5.3.

To address these shortcomings, we proposed in this paper a
neural network (NN)-based metamodeling approach, which is easy
to implement in practice, and able to efficiently generate high-
quality CT–TH profiles over a wide TH range for both single and
multi-product environments. On the methodology side, we utilized
the geometry of NN and developed efficient statistical methods to
achieve well-estimated NN models. Although NN is widely used as
a powerful metamodeling tool in manufacturing (Vellido et al.,
1999; Sabuncuoglu and Touhami, 2002), building a successful NN
model remains a challenging task due to the various difficulties
discussed in Curry and Morgan (2006) and Zhang (2007). The
majority of existing work simply feeds the data to commercial

softwares such as NeuralWorks for NN training, and rarely consid-
ers the issues of statistical validity or computational efficiency. Our
methods distinct from the large amount of NN modeling work in
three aspects. (i) The geometrical congeniality is recognized be-
tween the single-hidden layer feedforward neural networks
(SLFNs), the selected NN metamodel in this paper, and the target
performance surfaces. Such congeniality endows the SLFN with
the potential to well approximate the CT–TH profiles (Section
3.2). In the literature, NN has largely been treated as a black box,
whereas the geometry of nonlinear models, to which NN belongs,
is known to play an important role in response surface modeling
(Seber and Wild, 2003). In our methods, the geometry of SLFN
was utilized to achieve high-quality CT–TH surfaces. (ii) An itera-
tive model-fitting strategy was developed to obtain an SLFN of
the simplest form and that can accurately capture the CT–TH pro-
file (Section 3.3). Model selection, i.e., identifying the simplest NN
topology that is sufficient to characterize the sample data, is a dif-
ficult task. Existing NN modeling work rarely takes any steps be-
yond the ‘‘rule of thumb” to select the appropriate model
complexity. Here, a singular value decomposition based method
is proposed to search for the best fitted NN model with the small-
est number of hidden nodes. (iii) A sequential experiment design
procedure is developed to run simulation experiments efficiently
for the fitting of the NN model (Section 4). To the best of our
knowledge, this is the first attempt to develop a sequential design
strategy that is particularly suitable for NN modeling.

The remainder of this paper is organized as follows. Section 2
defines the research problem in precise terms and provides an
overview of the proposed method. Section 3 discusses the technical
details of NN-based response surface modeling. In Section 4, a
complete multi-stage procedure is given for estimating the CT–
TH performance surfaces via sequential simulation experiments.
In Section 5, an empirical evaluation of the proposed NN metamod-
eling is given, and a comparison to the traditional regression-based
approach is performed.

2. Background of the CT–TH modeling

The objective of this paper is to develop an NN-based metamod-
eling approach for the generation of CT–TH profiles that capture
the comprehensive performance for a manufacturing system. Since
a single-product environment is a special case of multi-product
systems, we focus on the generation of CT–TH surfaces for multi-
product systems, which is also the research subject of Yang et al.
(accepted for publication). The superiority of the proposed meth-
ods over Yang et al. (accepted for publication) has been briefly
mentioned in Section 1 and will also be discussed in details later.
To state the research problem in more precise terms, we define
some notation here. The product flow of a manufacturing system
is described as follows:

� k: the overall release rate of all the products into the system.
� a ¼ ða1;a2; . . . ;aKÞ: the product-mix (PM) vector with each

element ak representing the fraction of type k products in
the flow; we have

PK
k¼1ak ¼ 1; ak 2 ½0;1�.

� kk ¼ akk: the release rate of type k products to the system.

Assuming steady-state, the TH is equivalent to the release rate
of products into the system, and is fully specified by either ðk; aÞ
or equivalently, ðk1; k2; . . . ; kKÞ. CT, technically, is a random variable
representing the total time required for an entity to traverse the
system, and the steady-state CT distributions depend on the sys-
tem TH.

We denote the target CT–TH relationship by ckðk; aÞ, which
quantifies the dependence of the mean CT for type k products
ðk ¼ 1;2; . . . ;KÞ upon the throughput flow ðk; aÞ. In the remainder

Fig. 1. CT–TH profiles for two different system configurations.
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of this paper, ðk; aÞ will be referred to as the input variables of the
CT–TH surface; and the mean CT will be regarded as the response
of the target surface. For conciseness, we will use CT to refer to
mean CT without causing any confusion. Given a simulation model
representing the manufacturing system of interest, simulation runs
will be performed at selected points in the ðk; aÞ input region to col-
lect data, from which the performance surfaces fckðk; aÞ; k ¼
1;2; . . . ;Kg can be estimated.

In the remainder of this section, we briefly outline the analytical
analysis involved in generating CT–TH profiles, which is relatively
independent of the NN metamodeling methods (Sections 3 and 4),
the focus of this paper. The basic ideas presented in Sections 2.1,
2.2 and 2.3 were initially proposed in Yang et al. (accepted for
publication), and are provided here for the sake of completeness
and to give the reader more insights into the target response
surface.

2.1. Preliminary queueing analysis

Our primary research focus is on generating the CT–TH surfaces
fckðk; aÞ; k ¼ 1;2; . . . ;Kg via simulation metamodeling. However, as
pointed out by Yang et al. (accepted for publication), the complex
nature of the target surfaces calls for a preliminary queueing anal-
ysis which serves two purposes:

� To approximate system capacity and identify bottleneck
resources, which facilitates the definition and normalization
of the ðk; aÞ input region.

� To divide the feasible input region into a number of subre-
gions, which allows for the fitting of a smooth response sur-
face within each subregion.

These will become clearer in Sections 2.2 and 2.3. We represent
the manufacturing system as a queueing network consisting of M
stations. The notations related to capacity/bottleneck analysis are
given as:

� x 2 ð0;1Þ: the system utilization; x ¼ qmax ¼maxjqj where qj

is the utilization of station j ðj ¼ 1;2; . . . ;MÞ.
� Bottleneck (BN) station jBN: the station that reaches qmax.
� u�ðaÞ: the system capacity, the upper limit on k (or overall

throughput) for stability.

Both capacity u�ðaÞ and the BN station jBN depend on the system
parameters as well as the PM a. As in Yang et al. (accepted for pub-
lication), it is assumed that for a given system configuration and
PM, existing queueing models can be used to approximate the
capacity u�ðaÞ and to identify BN station(s) for realistic manufac-
turing systems (with set-ups, batching, re-entrant flows, etc.)
Examples of such queueing models include Hopp et al. (2002), Ku-
mar and Kumar (2001) and Meng and Heragu (2004). For more dis-
cussions on the queueing analysis, see Appendix A.1.

The analytical queueing analysis serves as a preliminary step
prior to the metamodeling of the CT–TH surfaces. The two-stage
approach, i.e., queueing analysis plus metamodeling, is based on
the premise that queueing models are much more accurate for
capacity analysis rather than for estimating the expected cycle
times (Hopp et al., 2002). The latter is handled by simulation meta-
modeling in our research.

2.2. The target CT–TH surfaces

As will become clearer later, after invoking the analytic engine
to perform capacity/bottleneck analysis (Section 2.1), simulation
will be performed to collect data for the fitting of the CT–TH sur-
faces fckðk; aÞ; k ¼ 1;2; . . . ;Kg.

In the simulation experiments, ðk; aÞ are considered as con-
trollable input variables. The stability condition of the system
is such that k has to be less than the system capacity u�ðaÞ,
which as already established, can be analytically approximated
for a given product-mix a. For reasons that will become appar-
ent in Section 2.3, instead of estimating ckðk; aÞ we normalize
the range of k across the PM region and directly estimate
ckðx; aÞ. The utilization x ¼ k=u�ðaÞ is the fraction of system
capacity in use, and x is on the scale of [0,1) regardless of
the value of a. Once we have obtained ckðx; aÞ, a simple transfor-
mation will provide ckðk; aÞ. Note that the system capacity u�ðaÞ
obtained from queueing analysis is what makes this transforma-
tion possible.

From now on, we will also refer to the performance surfaces as
CT-x-PM surfaces, and our task is to estimate fckðx; aÞ; k ¼
1;2; . . . ;Kg for K different types of products in the system. We
use C to denote the feasible input region, which is defined by the
utilization x and PM a. As detailed in Appendix A.2, the feasible re-
gion is given by:

� x 2 ½xL; xU � where 0 < xL < xU < 1
� X, the feasible space for a, is a linear simplex defined asXK

k¼1

ak ¼ 1; ak 2 ½0;1�:

Aa 6 b: ð1Þ

where (1) are the linear constraints imposed on product-mix due to
practical considerations in manufacturing.

Hence, the input region is given as C ¼ ½xL; xU � �X, the Cartesian
product of set ½xL; xU � and set X. In Section 2.3, we discuss the shape
of the CT-x-PM surface through an open Jackson network, and illus-
trate the partition of the input region C to facilitate our
metamodeling.

2.3. Motivating systems

Following the notation in Appendix A.1, we consider a Jackson
network in which each station has a single server having exponen-
tially distributed service time with rate uj (independent of product
type). Given the system parameters for this network, the expected
cycle time for each product type can be derived analytically as a
function of PM a. Since all ckðx; aÞ ðk ¼ 1;2; . . . ;KÞ functions have
the same form we consider the cycle time of product 1 without loss
of generality:

c1ðx; aÞ ¼
XM

j¼1

d1j

uj 1� x
PK

k¼1
akdkj=uj

max
h

PK

k¼1
akdkh=uh

 !" # x 2 ½xL; xU �; a 2 X: ð2Þ

In (2), all but x and a are system parameters, and a station that
achieves maxh

PK
k¼1akdkh=uh is a BN station (see Appendix A.1 for

details). Within a subregion Cm ¼ ½xL; xU � �Xm where station m stays
the BN, (2) can be written as:

c1ðx; aÞ ¼
XM

j¼1

d1j

uj 1� x
PK

k¼1
akdkj=ujPK

k¼1
akdkm=um

� �� � x 2 ½xL; xU �; a 2 Xm: ð3Þ

It is obvious from (3) that the cycle time is a continuous and dif-
ferentiable function of x and a within a constant-BN subregion.
Fig. 12 in Appendix A.4 provides a graphical illustration of the
CT-x-PM surface through a simple 3-product 3-station Jackson net-
work. This motivates us to divide the feasible PM region into a
number of constant-BN subregions, and separately fit a response
surface to each subregion Cm.
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For real manufacturing systems (involving reworks, machine
failures, batch processes, setups, etc.), the PM region partition
can be obtained through the preliminary analytical analysis (Sec-
tion 2.1) using the existing queueing models in the literature. Fur-
thermore, our extensive empirical experience with real
semiconductor fabrication models shows that, the CT-x-PM sur-
faces of realistic systems display the same features as those of Jack-
son networks.

In light of the discussions above, we follow the following meta-
modeling strategy: first, preliminary queueing analysis is used to
perform the PM region partition (Specifics are given in Appendix
A.3), and then within each subregion, a smooth response surface
is fitted for ckðx; aÞ (k ¼ 1;2; . . . ;K) with x 2 ½xL; xU � and a 2 Xm.

3. Metamodeling of the CT-x-PM surfaces

In this section, we perform the NN-based metamodeling for the
CT-x-PM surfaces fckðx; aÞ; k ¼ 1;2; . . . ;Kg within a constant-BN
subregion Cm ¼ ½xL; xU � �Xm defined in Section 2.3.

3.1. Single-hidden layer feedforward networks (SLFNs)

Fig. 2 gives an example of the structure of an SLFN, the func-
tional form of which is given as:

YðuÞ ¼ f ðu; hÞ þ e ¼
XT

t¼0

bt � h w0tu
� �

þ e; u 2 Cm: ð4Þ

We define the following notations:

� u ¼ ð1;u1;u2; . . . ;uKÞ0: the ðK þ 1Þ � 1 vector including K
input factors to the network plus the constant term 1. In
our CT-x-PM modeling, u ¼ ð1; x;a1;a2; . . . ;aK�1Þ0 includes
the utilization x and K � 1 linearly independent product-
mixes.

� Cm ¼ ½xL; xU � �Xm: the input region of the vector u. For nota-
tion convenience, we will not discriminate between vector u
defined above (with a constant 1) and the input variables
ðx;a1;a2; . . . ;aK�1Þ0. The difference between them is obvious.

� YðuÞ: the simulation output obtained at input setting u; in
the CT-x-PM modeling, YðuÞ represents the CT estimate at
u ¼ ðx; aÞ with E½YðuÞ� ¼ ckðx; aÞ, the steady-state mean CT
for products of type k ðk ¼ 1;2; . . . ;KÞ. Without loss of gener-
ality, we will focus on the fitting of c1ðx; aÞ in the remainder
of this section.

� e: error term that follows normal distribution with expec-
tation 0 and constant variance r2. As will be seen in Sec-
tion 4.1, r2 is a user-specified parameter, and hence is
considered as known in our statistical modeling. The justi-
fication for the normal assumption on e is also given in
Section 4.1.

� hð�Þ: the nonlinearity of the hidden layer activation func-
tions. In this paper, we adopted the sigmoid function:

hðw0tuÞ ¼
1

1þ expðw0tuÞ
; t ¼ 1;2; . . . ; T: ð5Þ

In the formulation of model (4), it is assumed that hðw00uÞ is a
constant 1.
� T: number of hidden neurons.
� wt ¼ ðwt;0;wt;1;wt;2; . . . ;wt;KÞ0 is the ðK þ 1Þ � 1 weight vector

for the tth hidden neuron ðt ¼ 1;2; . . . ; TÞ.
� b ¼ ðb0; b1; . . . ; bTÞ are the weight parameters from the hid-

den layer to the output neuron. Note that wt;0 and b0 are usu-
ally referred to as bias weights.

� h is the vector including all the network parameters,
fw1;w2; . . . ;wTg and c.

Suppose that there are N simulation samples fðui; yiÞ; i ¼
1;2; . . . ;Ng. In addition, we define:

U: the N � ðK þ 1Þ matrix of input vectors with the ith
ði ¼ 1;2; . . . ;NÞ row being the ith input vector
ui ¼ ð1;ui;1;ui;2; . . . ;ui;KÞ.

W: the ðK þ 1Þ � T matrix of weight with the ith
ðt ¼ 1;2; . . . ; TÞ column being
wt ¼ ðwt;0;wt;1;wt;2; . . . ;wt;KÞ0.

H ¼ hðUWÞ: the N � ðT þ 1Þmatrix of the hidden layer’s out-
puts. The notation hðZÞ represents a map which
takes a matrix Z with elements zij and returns
another matrix of the same size with elements
hðzijÞ, where h is the neuron’s nonlinearity. We
have:

� The ith ði ¼ 1;2; . . . ;NÞ row of H is h w00ui
� �

;h w01ui
� �

;
�

. . . ;h w0T ui
� �

Þ, representing the T þ 1 hidden layer outputs
for input ui.

� The ith ðt ¼ 2;3; . . . ; T þ 1Þ column of H is a N � 1 vector with
the ith ði ¼ 1;2; . . . ;NÞ element being the output from the
ðt � 1Þth hidden neuron for input ui. Notice that the 1st col-
umn of H is a constant vector 1N�1.

3.2. Geometrical interpretation of SLFNs

It is common to treat the NN as a ‘‘black box”, and researchers
frequently make no reference to the geometry of the NN, which
could be very helpful in response surface modeling. Here, we
briefly review the geometrical perspective provided by Xiang
et al. (2005). For graphical illustration, we consider a case with
two input factors u ¼ ðu1;u2Þ. Each hidden node corresponds to a
sigmoid activation function (5), which is a hypersurface as de-
picted in Fig. 3. These hypersurfaces can be considered as the pro-
jection of the input space onto the activation functions, and they
act as the basic building blocks of the network. The position and
shape of each plane depend on the weight parameters of that
neuron.

It is well-known that a SLFN can adapt to, i.e., approximate,
arbitrary functional forms (White, 1989). Although this ‘‘univer-
sal approximation” theorem relies on the assumption that the
SLFN can include an infinite number of hidden nodes, in our
metamodeling SLFNs demonstrate a good capability in approxi-
mating the CT-x-PM surfaces: based on a sample of very mod-
erate size, a SLFN is able to provide a highly accurate
approximation to the target response surface using a small
number of hidden nodes (Section 5). We believe that this is
at least in part, due to the particular shape of the CT-x-PM sur-
face. Consider for example a low-dimensional case where K ¼ 2

Hidden Layer 

S

S

S

1u

2u

3u

Ku

1

1

1

S

1

u'w1

u'w2

u'wT

u)'w1(h

u)'w2(h

u)'wT(h

u)'wt(
0

hb
T

t
t∑

=

Fig. 2. An example of an SLFN.
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different types of products are involved. We have u ¼ ðx;a1Þ,
and the surface can be denoted as E½YðuÞ� ¼ c1ðx;a1Þ. For simple
queueing models such as open Jackson network (Section 2.3),
c1ðx;a1Þ is bowl-shaped with a flat bottom and very steep side
walls. This trend of the surface is likely to be well captured by
the lower half of the sigmoid activation function as plotted in
Fig. 3.

Nevertheless, using a SLFN to efficiently metamodel the CT-x-
TH surface is difficult. In this paper, we proposed model fitting
(Section 3.3) and experiment design (Section 4) strategies to insure
that a high-quality SLFN-based surface is obtained in a computa-
tionally efficient manner. It is worth emphasizing that these design
and fitting methods all bear on the concept that each neuron in the
hidden layer projects the input space onto a hypersurface.

3.3. Estimation of the SLFN-based response surface

Based on the sample fðui; yiÞ; i ¼ 1;2; . . . ;Ng, the SLFN fitting
problem is defined as

min
h

SSEðhÞ ¼
XN

i¼1

½yi � f ðui; hÞ�2 ð6Þ

where h represents the vector of network parameters.
Obtaining good estimates for h by solving the nonlinear optimi-

zation problem (6) is difficult. In our work, an iterative model-fit-
ting strategy is developed to search for an adequate SLFN model
with no redundant hidden nodes. As illustrated in Fig. 4, we start
with a SLFN with T ¼ 1 hidden node, and expand the current net-
work by incorporating one additional hidden neuron at a time until
a best fitted model is obtained. Next, we discuss in details the var-
ious issues involved in the fitting process.

3.3.1. Least-square fitting
Step (a) of the fitting process (Fig. 4) is to fit a SLFN model to the

sample data with given model structure, i.e., fixed number of hid-

den neurons. Like most nonlinear regression, the least-square fit-
ting (6) is almost bound to suffer from the trap of local optima.
In the literature, ‘‘global optimization” techniques such as genetic
algorithm have been used in search of the global optima. In this
work, no global search techniques were implemented, and Matlab
Neural Network Toolbox was used to fit the SLFNs. In our empirical
experience, the performance of the least-square fitting is not sen-
sitive to the starting values of NN parameters h. To assess the effect
of starting points upon the resulting ĥ, for each example detailed in
Section 5, NN models (with selected model structure, i.e., number
of hidden nodes) were fitted using 500 randomly generated start-
ing points. For those examples, among their 500 trials, about 5–10%
of the times h converged to a local rather than a global optima.
Thus, a global optima can be largely ensured by carrying out the
model fitting with a couple of tens of random starts and selecting
the h that achieves the smallest SSEðhÞ. Of course, the number of
random starting points that may be needed to achieve a global op-
tima depends on the dimension of the unknown parameter vector
h (or the number of hidden nodes in the NN). Our recommendation
on the number of starts applies to an SLFN with 2–6 hidden nodes,
which in our experience (Section 5) is usually sufficient to approx-
imate the target CT–TH surface.

Also, it is worth mentioning that due to lack of model identifi-
cation (Section 3.3.2), the least-square objective function (6) has
a set of, as opposed to a single, global optima; the points in the
set of global optima are considered equivalent in terms of the mod-
el fitting error. The NN model resulting from Step (a), Fig. 4 is the
basis for neuron redundancy evaluation in Step (b), and thus is
important to determining the appropriate number of hidden neu-
rons, which will be detailed discussed in Section 3.3.3.

3.3.2. Model identification
Lack of model identification is a serious problem recognized in

the literature for NN modeling (Anders and Korn, 1999; Curry and
Morgan, 2006). For a precise definition of model identification, see
Davidson and MacKinnon (1993, Chapter 2). Here, we focus our
attention on local identification of the NN model, which is a neces-
sary condition for valid statistical inference on the fitted model.
Denoting ĥ as the least-squares parameter estimate in (6), ĥ will
be locally identified if the function SSEðhÞ is strictly convex at ĥ.
For SLFNs, there are two major sources of model unidentification.

� First, as pointed out by White (1989), the presence of redun-
dant hidden nodes certainly causes the SLFN model to be
locally unidentified. If the SLFN (4) includes an irrelevant
hidden neuron t, then the hidden layer weights wt will have
no effect on the value of SSEðhÞ, and hence the strict convex-
ity of ĥ will be violated. In Fig. 4, we eliminate this hidden
node redundancy by the progressive fitting strategy: initially
the simplest SLFN with a single hidden neuron is fitted, and
then the model complexity will be enhanced by incorporat-
ing one additional hidden node at a time until the best SLFN
free of redundancy is identified.

� The second problem is more serious than the first one.
Through a theoretical analysis, Curry and Morgan (2006)
showed that there will almost inevitably be approximate
functional relationships between the network parameters,
even for very simple NN models. There is no easy way to cir-
cumvent the strong interdependency among model parame-
ters, which remains one of the existing difficulties with NN
modeling (Curry and Morgan, 2006).

The resulting SLFN from our progressive fitting process is free of
the hidden node redundancy, but still may be poorly identified as
any NN model in the literature. A direct consequence of lack of
model identification is that the standard statistical inference

Fig. 3. 2-Dimensional sigmoid activation function.

Fig. 4. Iterative SLFN fitting strategy.
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methods for nonlinear regression are no longer valid (Seber and
Wild, 2003). In our work, alternative approaches are proposed to
handle the statistical inference issues, particularly the model selec-
tion issues.

3.3.3. Model selection using the singular value decomposition
In the SLFN fitting, the major model selection issue is the deter-

mination of the number of hidden layer neurons T, which charac-
terizes the complexity of the model. Our iterative fitting process
aims at achieving a fitted network with the smallest T out of two
reasons. First, a simplest model requires the smallest number of
design points and hence the least amount of simulation. Second,
as explained in Section 3.3.2, we want to eliminate the lack of mod-
el identification due to the existence of redundant hidden nodes.

As illustrated in Fig. 4, we start with a SLFN with T ¼ 1 hidden
neuron, fit the model with the specified structure, and then evalu-
ate the fitted model to see if it includes redundant neurons. If the
answer is YES, we delete one node from the hidden layer and stop;
otherwise, set T ¼ T þ 1 and repeat the process. In the progressive
structure, model selection amounts to deciding whether or not an
hidden node should be omitted from the SLFN model with T hidden
nodes. Standard statistical inference cannot be applied here (Sec-
tion 3.3.2), and we adopted a geometrically interpretable method
using the singular value decomposition (SVD).

The use of SVD in NN have been briefly highlighted by Hayashi
(1993), Tamura et al. (1993), Psichogios and Ungar (1994), and
Teoh et al. (2006). We focus on the use of the SVD as a robust mod-
el selection tool in determining if there is hidden node redundance
in the given network. The basic idea is as follows. Suppose that a T-
hidden neuron SLFN is fitted based on a sample of size
N; fðui; yiÞ; i ¼ 1;2; . . . ;Ng. As pointed out in Section 3.1, the hidden
layer outputs H is a N � ðT þ 1Þ matrix with the
tthðt ¼ 2;3; . . . ; T þ 1Þ column corresponding to the outcomes from
the ðt � 1Þth neuron; the 1st column of H is a constant vector. Every
hidden neuron constructs a hyperplane, and the response vector
ðy1; y2; . . . ; yNÞ

0 is a linear combination of the columns of H. Clearly,
and in a geometrical sense, the rank of H implies the number of
separating hyperplanes of the network. If the rank of H, say r, is less
than T þ 1, it means that redundant hidden neurons have been in-
cluded in the model and that we can remove ðT þ 1� rÞ neurons
from the network without affecting the SSE in (6); Otherwise, each
neuron is considered as of value in explaining the target response.

However, strict definition of rank has little meaning for the nu-
meric matrix H subject to estimation errors, and what we would
like to estimate is the so-called effective rank of H, which can be
obtained by SVD. Specifically, applying SVD onto H gives
H ¼ G� S� V where G (an N � N matrix) is known as the left sin-
gular vectors of H, and V (an N � N matrix) the right singular vec-
tors of H. Both G and V are orthonormal. The matrix S is a diagonal
matrix with unique nonnegative entries ordered in decreasing
magnitude:

SN�ðTþ1Þ ¼ diagðs1; s2; . . . ; sTþ1Þ ð7Þ

where s1 P s2 P � � �P sr P 0 ¼ srþ1 ¼ � � � ¼ sTþ1.
The effective rank of H is determined by observing that the r

largest singular values are nonzero, whereas the T þ 1� r smallest
singular values are zero. Thus, a threshold has to be set to deter-
mine the effective rank r. Since our fitting process insures that
for each T-hidden node network there can be at most one redun-
dant neuron, we adopted the following rule in our experiments:

� If sTþ1=s1 < �, then declare r < T þ 1, and one redundant node
should be eliminated from the current model;

� Otherwise, declare r ¼ T þ 1, and there is no redundancy in
the current model.

Here, � is a small positive value chosen by the user. In our
experiments, � is set as 3%. Interested readers are referred to Golub
and Van Loan (1996), Teoh et al. (2006), and Konstantinides and
Yao (1988) for detailed discussions of the SVD of a numeric matrix,
and the SVD-based decision rules to determine the model
complexity.

4. Procedure for estimating the CT-x-PM surface

For convenience of discussion, we rewrite the SLFN model (4)
introduced in Section 3.1:

YðuÞ ¼ f ðu; hÞ þ e ¼
XT

t¼0

bt � hðw0tuÞ þ e; u 2 Cm: ð8Þ

Recall that u ¼ ðx; aÞ is considered as the controllable vector
with the feasible region being Cm ¼ ½xL; xU � �Xm. The stochastic re-
sponse YðuÞ represents the CT estimate obtained from running
simulation under u, and YðuÞ is normally distributed with variance
r2.

We devise a sequential procedure to metamodel the CT-x-PM
surface within Cm using the SLFN (8). It is assumed that the exper-
imentation is driven by limited computation budget, that is, the
procedure will be terminated once the user runs out of computa-
tion time.

4.1. Multistage procedure

The inputs/outputs of the procedure are given as follows.

Inputs: Simulation model of the manufacturing system being
investigated; the product type (assumed to be type 1)
of particular interest to the user; operational region
Cm; desired constant variance r2 for YðuÞ with u 2 Cm.

Outputs: A set of CT-x-PM surfaces fĉkðx; aÞ; k ¼ 1;2; . . . ;Kg with
x 2 ½xL; xU � and a 2 Xm.

Assuming that E½YðuÞ� ¼ c1ðx; aÞ, u 2 Cm, is the response surface
of primary interest, we next describe the procedure centering on
the estimation of c1ðx; aÞ. The CT-x-PM surfaces for products of
other types are a desirable by-product of the same simulation pro-
cedure given below.

Step 1. We start with a small pilot design with, say N0, design
points A0 ¼ fu1;u2; . . . ;uN0g within the operational
region Cm. The selection of the initial design will be dis-
cussed in Section 4.2. Set A ¼A0 and N ¼ N0.

Step 2. For each design point u 2A, we obtain a CT estimate YðuÞ
for product 1, which is the stochastic output for model
(8). The two-stage experimentation described below is
used to obtain YðuÞ with prespecified variance r2.

At the first stage, we generate, say n0 i.i.d (independently and
identically distributed) sample data fCT1ðuÞ;CT2ðuÞ; . . . ;CTn0 ðuÞg
with CTjðuÞ being the average cycle time of product 1 estimated
from a single simulation run:

CTjðuÞ ¼ QðuÞ�1
XQðuÞ
q¼1

CTjqðuÞ: ð9Þ

Here CTjqðuÞ represents the individual cycle time of the qth job
collected in the steady-state of the jth simulation replication; the
distribution of the steady-state CT depends on u only. For each
simulation run, cycle time observations during the initial transient
state were discarded, and the cycle times of QðuÞ jobs simulated in
steady-state were collected. See Law and Kelton (2000) for the
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methods to determine the length of initial state and the value of
QðuÞ in steady-state. We assume that for a given u the individual
cycle times CTjqðuÞ are identically distributed, although not in gen-
eral independent within a replication. In our experiments, a differ-
ent random stream was assigned to each simulation run to insure
independence across replications, and we have

Y0ðuÞ ¼
1
n0

Xn0

j¼1

CTjðuÞ: ð10Þ

Denote the sample variance for fCT1ðuÞ;CT2ðuÞ; . . . ;CTn0ðuÞg as
r̂2

0, then Var½Y0ðuÞ� ¼ r̂2
0=n0. The sample size nðuÞ that is likely to

provide a desired variance r2 for YðuÞ is estimated as
nðuÞ ¼ r̂2

0=r2
� 	

.
At the second stage, perform nðuÞ � n0 simulation replications

at u, and recalculate

YðuÞ ¼ 1
nðuÞ

XnðuÞ
j¼1

CTjðuÞ: ð11Þ

The resulting CT estimate YðuÞ is used as stochastic output in
model (8) which is approximately normally distributed with vari-
ance r2. The normality of YðuÞ can be justified by appealing to the
Central Limit Theorem for identically and independently distrib-
uted random variables.

The desired constant variance r2 is a user-specified parameter,
and we recommend setting r2 in such a way that a high relative
precision, say c%, is obtained for YðuÞ. Suppose that
E½YðuÞ� ¼ c1ðx; aÞ;u 2 Cm falls into the range of ½cmin; cmax�, which
can be roughly estimated from the user’s past experience. Then
r2 can be set as:

2r
cmin
¼ c% ð12Þ

In our experiments, we set c% ¼ 4%, and used r ¼ cmin � 2%.
Hence, the YðuÞ obtained at each design point is a highly precise
CT estimate.

Step 3. Based on the N-point sample collected so far
fYðu1Þ;Yðu2Þ; . . . ;YðuNÞg, we estimate the SLFN (8) for
the target surface c1ðx; aÞ following the iterative model-
fitting strategy outlined in Fig. 4.

Step 4. If the computing budget has been exhausted, stop; other-
wise, we expand the current N-point design by including
one more design point uNþ1 2 Cm. The additional design
point uNþ1 is selected following the method described in
Section 4.3. For uNþ1, repeat the two-stage experiments
described in Step 2 to obtain the CT estimate YðuNþ1Þ.
Set N ¼ N þ 1, and then go back to Step 3.

In the procedure described above, we focus on the estimation of
E½YðuÞ� ¼ c1ðx; aÞ, and collect the CT estimates fYðuÞ; u 2Ag for
product 1 from simulation. When we investigate multi-product
systems, such CT estimates can be obtained simultaneously for
each type of products, except that the variance of the CT estimates
will not be as well controlled for products of other types since the
simulation experiments in Step (2) are driven by the prespecified
variance r2 for product 1. Nevertheless, a different SLFN can be fit-
ted for a different type of products, and the procedure given above
is able to provide the CT-x-PM surfaces for all types of products,
fĉkðx; aÞ; k ¼ 1;2; . . . ;Kg with x 2 ½xL; xU � and a 2 Xm.

4.2. Initial design

The operational region Cm is a linear simplex defined by the uti-
lization range ½xL; xU � and the PM subregion Xm (Section 3.1). For

such a simplex, we follow the recommendation of Myers and
Montgomery (2002), and select the initial design points from a
candidate set, say C ¼ u�1;u

�
2; . . . ;u�

N

n o
, which provides a good cov-

erage of the input space. In our experiments, C includes the follow-
ing points of the simplex Cm: extreme vertices, edge centers,
constraint plane centroids, overall centroid and axial points.

Given the constraints (24) that define the simplex, we can use
the CONVRT and CONAEV algorithms developed by Piepel (1988)
to find the vertices, edge centers, and all other centroids of the sim-
plex. In our procedure, the initial design points will be selected as a
subset of these candidate points in C. Let A0 denote the set of ini-
tial design points of size N0 within the simplex. We propose some
additional considerations on the initial set of design points:

� To avoid extrapolation, A0 must include all the Nv extreme
vertices.

� The number of initial design points N0 should be sufficiently
large to allow for the fitting of a SLFN with two hidden
neurons.

� Apparently, the number of design points required for an ade-
quate surface fitting depends on the span of input region Cm.
For instance, with the same PM subregion Xm, the number of
design points required in the case with ½xL; xU � ¼ ½0:75;0:85�
is likely to be much less than that in the case with
½xL; xU � ¼ ½0:75;0:95�. This is due to the fact that the CT tend
to increase dramatically within the utilization range of
[0.9,0.95] (Yang et al., 2007). Hence, the user can utilize
her knowledge of the response surface and adjust the initial
sample size accordingly.

Thus, we require N0 P maxf1þ 2� ðK þ 2Þ;Nvg. The additional
N0 � Nv non-vertex points are selected from C using a maxmin cri-
terion which maximizes the minimum distance between any two
points.

4.3. Design augmentation

We initiate the experiments with a pilot design (Section 4.2),
and then augment the design by sequentially including one more
point at a time until the computing budget is exhausted.

To the best of our knowledge, the only work that addresses the
sequential design issues for NN fitting is Witczak (2006), which
proposed using the sequential D-optimum design (Seber and Wild,
2003) as if NN is no different from a traditional nonlinear regres-
sion model. Denote D as the matrix of partial derivatives of the
SLFN with element Dij given as

Dij ¼
@f ðui; ĥÞ
@hj

ð13Þ

where f ðui; ĥÞ is defined in model (8), ui ði ¼ 1;2; . . . ;NÞ is the ith de-
sign point in the input region Cm, and hj denotes the jth NN model
parameter. D-optimality is based on the premise that the variance
of the least-square parameter estimators ĥ can be approximated
using the standard statistical inference method, i.e., ĥ is approxi-
mately normally distributed with Var½ĥ� ¼ r2ðD0DÞ�1. The D-optimal-
ity criterion is to maximize jD0Dj, which is inversely proportional to
the size of a confidence ellipsoid for the least-squares estimates ĥ.
Unfortunately, as pointed out in Section 3.3.2, the theoretical basis
for D-optimality is very much questionable for NN models: with
the lack of local identification, the distribution of the estimated NN
parameters ĥ cannot be approximated by multi-normality and stan-
dard methods cannot be used to derive the statistical inference on ĥ.
Aside from statistical invalidity, the D-optimality design will almost
inevitably encounter enormous computational difficulties since the
matrix D is likely to be ill-conditioned due to the interdependency
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among network parameters. Therefore, a conventional D-optimal de-
sign is not likely to be successful when applied to NN modeling. In
the remainder of this section, we present a simple strategy to design
simulation experiments sequentially for the fitting of the SLFN mod-
els, the efficiency of which will be demonstrated in Section 5.

Suppose that the current design consists of N points and the
simulation data obtained so far are given as fðui;YiÞ; i ¼
1;2; . . . ;Ng. While more computation time is available, we will ex-
pand the current design by running simulation experiments at an
additional input setting uNþ1. The best choice of uNþ1 depends on
the true target surface which unfortunately is unknown. In our de-
sign augmentation, we will utilize the information obtained from
the available data set (i.e., the best estimated response surface fit-
ted from the current data) to guide the choice of uNþ1.

Suppose that the best SLFN model fitted from the current data
set is f ðui; ĥÞ which consists of T hidden nodes. The essential ingre-
dient of our sequential experiment design is the hidden layer out-
put matrix bH , which is an N � ðT þ 1Þmatrix (Section 3.1) with the
ith row being

ĝðuiÞ ¼ h ŵ00ui
� �

; h ŵ01ui
� �

; . . . ; h ŵ0T ui
� �
 �

ð14Þ

Recall that hðw00uÞ ¼ 1 for any u. The SLFN model (4) can be
written in terms of H as

Y ¼ bHcþ e ð15Þ

where Y is the N � 1 output vector, and c is the ðT þ 1Þ � 1 param-
eter vector as defined in model (4). In this sense, a linear regression
is performed: projecting Y onto the subspace spanned by the col-
umns of bH.

Including one more design point uNþ1 will add an additional
row ĝðuNþ1Þ to the bH matrix, and ĝðuNþ1Þ can be approximately
evaluated using the fitted NN model f ðui; ĥÞ. The experiment de-
sign question we intend to answer is: How to determine uNþ1

so that the resulting expanded H matrix will have the most desir-
able property in terms of modeling the output as a linear combi-
nation of the H columns? We used the D-optimality criterion to
measure the goodness of the expanded H matrix, and uNþ1 is
determined by

max
uNþ1

bH
ĝðuNþ1Þ

0@ 1A0 bH
ĝðuNþ1Þ

0@ 1A������
������: ð16Þ

Given the matrix bH, (16) is equivalent to

max
uNþ1

ĝðuNþ1ÞðbH 0 bHÞ�1ĝðuNþ1Þ0: ð17Þ

Note that the fitting process described in Fig. 4 insures that the
matrix H has full column rank, and hence H0H is invertible. The
solution of (17) can be approximated by evaluating the objective
function over a fine grid of u 2 Cm.

5. Empirical evaluation

Here, through empirical studies, we demonstrate the effective-
ness of the proposed NN metamodeling, and compare the NN-
based approach in this work with the traditional regression-based
metamodeling developed in our previous work (Yang et al.,
accepted for publication).

Two different systems, an analytically tractable Jackson net-
work and a real fab model, are explored. In our experiments, it is
assumed that the product-mix is not subject to additional linear
constraints (23) imposed by practical considerations of production
planning. Hence, the feasible input region being considered here is
larger than otherwise, and we are resolving a more challenging
problem from the perspective of response surface modeling.

5.1. Jackson network models

We consider a 4-product and 3-station Jackson network, for
which the true CT-x-PM surface is known from queueing theory
and hence provides a benchmark to evaluate the resulting SLFN
metamodels. The configuration of this Jackson queuing model is
specified in Appendix A.5.

First, queueing analysis is performed to partition the PM region
into constant-BN subregions. Each station can serve as a BN and
the PM region is divided into 3 subregions with Xm being domi-
nated by BN station m ðm ¼ 1;2;3Þ. Hence, we have three con-
stant-BN input subregions Cm ¼ ½xL; xU � �Xm ðm ¼ 1;2;3Þ. In
addition, the system capacity u�ðaÞ is derived from this analytical
analysis so that conversion between the utilization x and through-
put is possible (Section 2.2).

Second, we apply the metamodeling procedure on each subre-
gion Cm and estimate smooth CT-x-PM surfaces ckðx; aÞ ðk ¼
1;2;3;4Þ within Cm ðm ¼ 1;2;3Þ. The user-specified parameters for
the procedure (Section 4) are given as follows:

� Products of type 1 are considered as of particular interest to
the user.

� The desired constant variance r2 is set following Eq. (12).
� Two different utilization ranges, ½xL; xU � ¼ ½0:75;0:85� and
½xL; xU � ¼ ½0:75; 0:95� are considered in our experiments. The
former is the typical range within which semiconductor
manufacturers run their facility (Hopp, 2007). The latter
leads to a much more difficult response surface due to the
extreme edge steepness of the CT surface at high system uti-
lization (Section 4.2). We next present these two cases,
respectively.

Due to space constraints, here we present the estimation results
for C1. Similar results have been obtained for C2 and C3.

Case 1: ½xL; xU � ¼ ½0:75;0:85�

The initial design set A0 in C1 is determined as described in
Section 4.2. The initial number of design points is selected as 16,
which is the number of vertices for simplex C1 and which also al-
lows for the fitting of a SLFN with two hidden neurons. For each
u 2A0, simulation is performed to obtain YðuÞ, the CT estimate
for type 1 products, with prespecified variance r2 (Section 4.1, Step
2). Additional design points are added one at a time (Section 4.3)
until the computation time has been exhausted.

To illustrate the accuracy of the estimated SLFNs and the effi-
ciency of our experiment design strategy, we display in Fig. 5 the
evolution of the model estimation errors as more points are incor-
porated into the design. Specifically, about 54,000 check points
evenly distributed within C1 are used to evaluate the resulting
SLFNs fitted from, say N design points. At each check point, the rel-
ative error, which is defined as

re ¼ ĉ1ðx; aÞ � c1ðx; aÞ
c1ðx; aÞ

; ð18Þ

is calculated. Here, c1ðx; aÞ is the true CT from queueing theory, and
ĉ1ðx; aÞ is the CT estimated from the fitted SLFN. Fig. 5 gives histo-
grams of the relative errors over the 54,000 check points with
graphs a, b, c, and d corresponding to N ¼ 16;17;19, and 21 design
points. For instance, Fig. 5a plots the histogram of errors for the
model fitted from the initial design consisting of 16 points. Evi-
dently, the accuracy of the metamodels is improved in an efficient
manner as more design points are incorporated. The size of the
maximum deviation starts from 0.15 in Fig. 5a, and decreases to
0.04 in Fig. 5d.
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The estimated SLFNs here include two hidden neurons, and we
present the model fitted from the 21 design points for an example
(corresponding to Fig. 5d):

ĉ1ðx;aÞ ¼ 3:80þ 60:38
1þ expð�6:49þ8:16xþ8:69a1�8:65a2�5:04a3Þ

þ 70:25
1þexpð�8:80þ8:98xþ2:21a1�2:20a2�2:71a3Þ

:

ð19Þ

The simulation procedure, though driven by the precision of CT
for type 1 products, also provides the data for fitting the CT-x-PM
surfaces of all types of products fĉkðx; aÞ; k ¼ 1;2; . . . ;Kg. In our
experiments, all these estimated response surfaces are highly accu-
rate. Compared to this NN metamodeling approach, the regression-
based methods developed in Yang et al. (accepted for publication)
requires about three times as much simulation effort to achieve the
fitted surfaces of about the same quality.

Case 2: ½xL; xU � ¼ ½0:75;0:95�

We extend the upper bound of the utilization range to 0.95.
Extending the lower bound will not introduce any additional diffi-
culties in the CT-x-PM modeling and will not be further discussed
here. But since CT tends to explode when system utilization is
pushed up to the limit (Hopp and Spearman, 2008), the CT-x-PM sur-
faces covering such a high utilization range are difficult to model. In
our experience, the traditional regression metamodels in Yang et al.
(accepted for publication) is not able to generate a good fit for the tar-
get surfaces over a utilization range as wide as [0.75,0.95].

Due to the large operational region for this case, an initial de-
sign of relatively large size is adopted (Section 4.2): 37 design
points, which allows for the fitting of a SLFN model with 6 hidden
neurons. The design is then expanded by including one additional
point at a time. As in Case 1, we provide the histograms of the esti-
mation errors in Fig. 6 where about 112,000 check points are used.
Evidently, the SLFN is better estimated as more design points are
incorporated, and the relative error drops to within 0.05 once a to-
tal of 53 design points are collected. The resulting SLFN obtained
from 53 design points has six hidden neurons.

5.2. A semiconductor manufacturing system

We consider a semiconductor wafer fab simulation (available at
www.eas.asu.edu/masmlab/) and characterize the system’s perfor-
mance by its CT–TH surfaces. Three types of product families go
through this system, and our objective is to generate
fckðx; aÞ; k ¼ 1;2;3g. We chose to present a three-product case
out of two considerations: (i) At the aggregate level of production
planning, products are usually grouped into a relatively small
number of families; (ii) With three different product types, the fea-
sible product mix region can be clearly and graphically illustrated,
as will be seen next.

First, the analytical engine provided by factory explorer (an
integrated capacity, cost and discrete-event simulation software
package particularly suitable for modeling wafer fabs; for details,
please refer to http://www.wwk.com/productfx.html) is used to
perform the capacity/bottleneck analysis of the fab model. As
shown in Fig. 7, the PM region is divided into 4 constant-BN subre-
gions with each one defined by a number of linear constraints. For

Fig. 5. Histograms of the relative model estimation errors (Case 1).
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each PM vector a, factory explorer also analytically estimates the
system capacity u�ðaÞ, which allows for the conversion between
the throughput k and system utilization x (Section 2.2).

The input parameters to the procedure are set up as follows.
Suppose that product 1 is of primary interest. The utilization varies
within ½xL; xU � ¼ ½0:75;0:85�, which is a typical range under which a
real fab system is running (Hopp, 2007). Since the CT for this fab
roughly ranges from 300 to 450 h. Following the rule in (12), r is
set at 6 � cmin � c%=2 h with cmin ¼ 300 and c% ¼ 4%.

We present here the modeling results for C1 ¼ ½xL; xU � �X1.
Since the true CT–TH surfaces is unknown in this case, grid points
evenly distributed over C1 are selected to check the lack of fit of the
estimated surfaces at those locations. At each check point, substan-
tial simulation effort, completely independent of that required by
the metamodeling procedure, was invested to obtain CT estimate
whose standard error was essentially zero. These CT estimates

are considered as ‘‘nearly true”, and used to evaluate the CT esti-
mates obtained from the SLFN metamodels ĉ1ðx; aÞ; a 2 X1. Fig. 8
shows the histogram of the relative deviations of the estimated cy-
cle times from their ‘‘true” values. Among the 180 check points, all
the relative deviations fall within the range of [�10%, 10%] with
most of them within [�5%, 5%].

In our procedure, simulation was performed at 11 design points
in C1 for data collection, and the resulting SLFN includes two hid-
den neurons. We emphasize that once the metamodeling proce-
dure is complete, no more simulation is needed for the decision

Fig. 6. Histograms of the relative model estimation errors (Case 2).

Fig. 7. Division of PM region for the wafer fab model.

Fig. 8. Histogram of the relative model estimation errors for the semiconductor fab
system.
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making process. The resulting metamodel ĉkðx; aÞ is a mathematical
equation that provides a direct functional relationship between the
CT and TH. In this case, about 5-h simulation time (on a computer
with processor speed of 3 GHz) was invested in those 11 design
points for the generation of the CT–TH surfaces fĉkðx; aÞ;
k ¼ 1;2;3gwithin C1. The simulation time will be substantially dri-
ven down by either considering a more restricted region than C1

(Fig. 7), which is likely to be the case in practice, or prespecifying
a slightly larger value for r, the desired error of the CT estimate
at each design point.

We regard this as very good results considering the following.
Only 11 design points in C1 were utilized to estimate the SLFN
ĉ1ðx; aÞ, and a high accuracy as demonstrated in Fig. 8 has been ob-
tained. To provide a baseline as to how many design points may be
required by other types of metamodels, consider a full quadratic
model with two-factor interactions: With three independent vari-
ables x, a1, and a2, it requires at least 10 distinct design points
(equal to the number of unknown parameters in the quadratic
model), and in our experience, is far from giving an adequate
approximation of the target surface. The traditional nonlinear
regression-based method in Yang et al. (accepted for publication)
requires more than 30 design points to achieve the response sur-
face of about the same quality for this case.

5.3. The selection of model families

The objective of metamodeling is to provide a sufficiently good
functional approximation (metamodel) for the target response sur-
face using the smallest amount of simulation effort. There are dif-
ferent types of metamodels ranging from the linear regression to
those powerful modeling tools such as Kriging (Cressie, 1993)
and NN models. How do we select a best model family to approx-
imate the response surface of interest? In our CT–TH modeling, we
explored the use of conventional (Yang et al., accepted for
publication) as well as non-conventional models, and we hope that
our experience could give some insights to this question.

First, it is important to examine the geometry of the target
surface and evaluate the potential of the selected model to
approximate such a surface. Initially, recognizing the complexity
of the CT–TH surface over PM region, we used Kriging hoping
that this powerful model is able to adapt well to the entire sur-
face. After many unsuccessful experiments, we concluded that
Kriging cannot provide an adequate fit unless using a highly
dense sample, which is computationally impractical. This moti-
vates us to divide the PM region into a number of subregions
and examine them separately. Within each subregion, the target
surface is differentiable and bowl-shaped, which fosters some
specific functional forms of the metamodels. Both the nonlinear
regression in Yang et al. (accepted for publication) and the SLFNs
in this work are adopted due to their potential ability to capture
bowl shapes.

The comparison between the regression and NN models brings
up the second consideration in selecting a model family: robust-
ness, which we interpret as:

1. The ability to approximate the target surface over a wide
range of inputs.

2. The ability to provide an adequate fit with minimum design
points (simulation effort); the goodness of the fit is not sen-
sitive to the locations of the design points.

In our experience (Sections 5.1 and 5.2), NN performs better
than the nonlinear regression model in terms of robustness, which
is somewhat surprising to us. Take the Jackson networks as an
example. In Yang et al. (accepted for publication), the regression
model takes the form of a sum of ratio functions, which is adapted

directly from the true CT–TH relationships given in formula (3),
and hence can be considered as more ‘‘similar” to the target func-
tion than the NN, at lease in the case of Jackson networks. Never-
theless, as illustrated in Section 5.1, the robustness of NN is far
better than that of the nonlinear regression. To find the reason of
these somehow counterintuitive results, it may require a thorough
study of the model identification issues and a microscopic exami-
nation of the least-square fitting processes for both types of mod-
els, which is beyond the scope of this paper. Here, we intend to
provide some empirical insights to the selection of model families
as we did above.

6. Discussions

In this paper, a NN-based metamodeling procedure was devel-
oped for the efficient generation of CT–TH profiles for manufactur-
ing systems. Such profiles provide a comprehensive performance
evaluation of a given system, and hence support the long-term
decisions such as capacity expansion in manufacturing. The meta-
modeling approach aims at overcoming the shortcomings of the
conventional methods used in such decision making contexts,
i.e., the lack of fidelity of queueing models to real systems and
the heavy computational burden of simulation. The metamodels
resulting from our proposed procedure are mathematical equa-
tions quantifying the relationship between CT and TH while
embodying the high fidelity of simulation.

As a sequent study following our previous work on character-
izing manufacturing systems by their CT–TH profiles, this paper
explored NN as a metamodeling tool and developed a statistical
procedure which is demonstrated to be efficient via numeric
experiments. Next, we summarize pros and cons of the NN-
based methods, compared the traditional regression-based meta-
modeling in Yang et al. (accepted for publication). (i) Compared
to Yang et al. (accepted for publication), the procedure here is
much simpler and thus easier to implement in practice. (ii) As
pointed out in Section 5.3, the robustness of NN metamodeling
is far better than the regression-based approach. (iii) The main
drawback of our NN modeling is that no reliable error variance
can be provided for the fitted NN models due to the lack of
model identification. As emphasized earlier, we rely on the spe-
cial geometry of NN to secure well-estimated CT–TH surfaces;
and to efficiently obtain these surfaces, we developed a sequen-
tial experiment design strategy and a progressive NN fitting pro-
cess which both have a clear geometrical interpretation. These
design and model fitting methods are interesting additions to
the literature of NN metamodeling where NN has largely been
treated as a black box.

In this paper, attention is centered on quantifying the relation-
ship between the first-moment of cycle time and the throughput.
The proposed method can be straightforwardly adapted to esti-
mate the functional dependence of the higher moments of cycle
time upon the throughput. Queueing analysis shows that higher
moment CT–TH surfaces is also bowl-shaped except that the sides
of the bowl is even steeper compared to the first-moment surface.
Similar to our experience with Case 2 in Section 5.1, the approach
in Yang et al. (accepted for publication) has difficulty approximat-
ing a steep higher moment CT–TH surface, whereas the NN meth-
ods is able to handle such a target surface.
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Appendix A

The main contents of this Appendix have been given in Yang
et al. (accepted for publication) and are appended here for the
readers’ convenience.

A.1. Analytical formulation of the manufacturing system

To perform the preliminary queueing analysis (Section 2.1), we
treat the manufacturing system as a multi-product queueing net-
work. Suppose that the system (e.g., wafer fab) consists of M sta-
tions, and it is designed to process K types of products with each
one following a different routing. Despite the complexities in-
volved (e.g., reworks, machine failures, batch processes, etc.), the
system can be closely approximated by the following description.

� fsj; j ¼ 1;2; . . . ;Mg: the number of parallel resources at sta-
tion j.

� fukj; k ¼ 1;2; . . . ;K; j ¼ 1;2; . . . ;Mg: the effective service rate
of each resource at station j for products of type k.

� fdkj; k ¼ 1;2; . . . ;K; j ¼ 1;2; . . . ;Mg: the expected number of
visits by type k products to station j.

Using the notation given in Section 2.1, capacity/bottleneck anal-
ysis can be performed as follows. We can easily calculate qj, the uti-
lization of station j ðj ¼ 1;2; . . . ;MÞ. Let qkj ¼ dkj=ðsjukjÞ, then
qj ¼ k

PK
k¼1akqkj. The maximum utilization qmax ¼maxjqj is called

the system utilization and is denoted by x in this paper. A station,
say station jBN , that reaches qmax is called a bottleneck (BN) station,
that is,

jBN ¼ argmaxjqj ¼ argmaxj

XK

k¼1

akqkj: ð20Þ

The stability constraint on the system requires x ¼ k
PK

k¼1

akqkjBN
< 1, or equivalently,

k < 1
XK

k¼1

akqkjBN

,
¼ u�ðaÞ ð21Þ

where u�ðaÞ is the system capacity, the upper limit on k (or overall
throughput) for stability. Obviously, both capacity u�ðaÞ and the BN
station jBN depend on the system parameters as well as a.

For real manufacturing systems (involving batching, re-entrant
flows, machine setups, etc.), existing queueing models can provide
an accurate capacity/bottleneck analysis: Given system configura-
tion and PM a, system capacity u�ðaÞ can be approximated and BN
station(s) can be identified. Examples of such queueing are given in
Hopp et al. (2002), Kumar and Kumar (2001) and Meng and Heragu
(2004).

A.2. The feasible input space

Since the range of interest for utilization x can be easily speci-
fied as ½xL; xU � ð0 < xL < xU < 1Þ, we focus on the feasible region of
PM space.

Obviously, product-mix a has to satisfy:XK

k¼1

ak ¼ 1; ak 2 ½0;1�: ð22Þ

Fig. 9(a) illustrates the feasible product-mix region in a 3-prod-
uct case defined by constraint (22). In practice, the PM is usually
subject to additional linear constraints imposed by realistic situa-
tions (e.g., lower bounds on release rates). We use the following
notation to represent the linear constraints on product-mix

Aa 6 b ð23Þ

where A is a matrix with K columns with each row representing a
constraint. Fig. 9(b) gives an example of the more restricted prod-
uct-mix region defined by (22) and (23).

A.3. Partitioning the product-mix (PM) space

Production systems are usually constrained by one or more bot-
tleneck resources. A bottleneck (BN) is usually a facility or resource
which most constrains the production flow, and it plays a key role
in determining the overall performance of the manufacturing sys-
tem. As we change the PM, the BN may shift from one resource to
anther, which complicates the way that PM affects the cycle time.
As explained in Section 2.3, within an PM region where no BN shift
occurs, ckðx; aÞ tends to be smooth and differentiable with respect
to x as well as a. For the purpose of modeling the CT-x-PM surface,
we divide the PM space into a number of subregions with each one
dominated by a different BN station or stations, and fit the re-
sponse surface for each subregion individually.

Suppose the PM region of feasibility is defined as

X ¼ faja satisfies constraints ð22Þ and ð23Þg:

Following the definition of BN station provided by (20), the
subregion

Xm ¼ faja 2 X and amix makes station m a BNg

is given as the collection of a that satisfiesXK

k¼1

ak ¼ 1

Aa 6 b
qm P qj j ¼ 1;2; . . . ;M and j – m:

ð24Þ

Following up on the 3-product example discussed in Section
A.2, we further suppose that the system consists of 3 stations. It
can be shown that for such a system the feasible region displayed
in Fig. 9b could be divided in three different ways as shown in
Fig. 10 depending on the system parameters.

For real systems, as established in Appendix A.1, existing
queueing models can be used to derive the station utilization
qj ðj ¼ 1;2; . . . ;MÞ as a function of PM a. Thus, the partition of
the PM region into constant-BN subregions can be realized from
analytical analysis prior to the simulation metamodeling. For the
case study in Section 5.2, we use the analytic engine in factory ex-
plorer to divide the PM region for a wafer fab.

A.4. CT-x-PM surface of a Jackson network

Here we graphically illustrate the shape of the CT-x-PM surface
through a Jackson network example.

We consider a 3-product and 3-station Jackson network, for
which the true CT-x-PM surface is known from queueing theory.
The system configuration is specified in Table 1 following the

Fig. 9. Feasible product-mix space: unconstrained (a) and constrained (b).
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notation defined in Appendix A.1. From analytical queueing analy-
sis, the PM region can be partitioned into constant-BN subregions.
Fig. 11 shows the division of product-mix space for this example.
Each station can serve as a BN and the PM region is divided into
3 subregions with Xm being dominated by BN station m ðm ¼ 1;2;3Þ.

For an open Jackson network, the CT-x-PM surface is given by
(2). Apparently, (2) is always continuous and differentiable with
respect to x 2 ½xL; xU �, so we focus our attention on the CT–PM sur-
face with a given x. We take x ¼ 0:8 for an example. If we fix

a2 : a3 ¼ 3 : 1, and vary a1 from 0 to 1, we obtain a PM path as
the dotted line in Fig. 11. Along this path, we plot
ckð0:8; aÞ ðk ¼ 1;2;3Þ, the cycle time at throughput x ¼ 0:8, against
a1, and the resulting CT–PM curves are given in Fig. 12. Obviously
in Fig. 12, the CT–PM curves are smooth and differentiable except
at BN shift points B1 and B2, which are also marked in Fig. 11. We
can change the ratio of a2 : a3, and plot CT-PM curves similar to
those obtained in Fig. 12. This graphically demonstrates our con-
clusion in Section 2.3, which motivates us to model each subregion
Xm separately.

A.5. A 4-product and 3-station Jackson network

Following the notation defined in Appendix A.1, the system con-
figuration of a 4-product and 3-station Jackson network is specified
in Table 2.
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